A new framework for generating lifetime distributions is proposed, which is called the Topp-Leone Exponentiated Power Lindley (TL-EPL) distribution. Submodels of the TL-EPL distribution, such as the Topp-Leone Power Lindley, Topp-Leone Generalized Lindley, and Topp-Leone Lindley, are introduced. Some statistical characteristics of the distributions are investigated (i.e., mean, variance, and functions of survival, hazard, and quantile). The maximum likelihood estimation is used to estimate the parameters of each distribution. Some real data sets are fitted in order to illustrate the usefulness of the proposed distribution.
Introduction
The Exponentiated Power Lindley (EPL) distribution with three parameters, as proposed by Warahena-Liyanage and Pararai [18] , will provide many applications in different fields, such as engineer, biology and others. All parameters of EPL distribution indexed to this distribution makes it more flexible in describing different types of real data than its sub-models, i.e., the power Lindley (PL) distribution [5] , the generalized Lindley (GL) distribution [11] , and the Lindley (L) distribution [9] . The EPL distribution, due to its flexibility in accommodating different forms of the hazard function, seems to be a suitable distribution that can be applied to a variety of problems in fitting survival data. Ashour and Eltehiwy
568
Sirinapa Aryuyuen [2] applied the EPL distribution to real data about flood levels and the active repair times (h) for an airborne communication transceiver. The EPL distribution provides better fit than the other distributions (i.e., PL, GL, L, exponential, modified Weibull, Weibull distributions). Hence the data point from the EPL distribution has better relationship and hence this distribution is good model for life time data.
The EPL distribution is specified in terms of the probability density function (pdf), cumulative density function (cdf), and quantile function [18] , i.e., respectively 1 2 1 ( )   When u is distributed as the uniform on the interval (0,1), and W (.) in the Lambert W function [3] . The probability functions of the sub-models of the EPL distribution are presented. Statistical distributions are used to model the life of an item in order to study its important properties. Proper distribution may provide useful information that result in sound conclusions and decisions. When there is a need for more flexible distributions, many researchers are about to use the new one with more generalization. Recently, applying new generators for continuous distributions became more interesting [14] . This methodology can improve on the goodness of fit and determine tail properties. These features have been established by the results of many generators such as the beta distribution and Topp-Leone (TL) distribution.
The TL distribution is one of the continuous distributions that is attractive as a generator. This distribution was proposed by Topp and Leone [16] (see [7] ) obtains the quantile function of TL distribution, i.e.,
u is distributed as the uniform on the interval (0,1). The TL distributions as a generator for continuous distributions are proposed such as two-sided generalized Topp and Leone distribution [17] , Topp-Leone generalized exponential distribution [14] , Topp-Leone Gumbel distribution [19] , and Generalized Topp-Leone family of distributions [10] . Generating a new family of distribution requires two principal components, which are a generator and a parent distribution (see [1, 7, 14] ). Indeed, the pdf of a generator is transformed into a new pdf through the cdf () G  of a parent distribution. The TL distribution is a continuous unimodal distribution with a wide range of applications in reliability fields and is used for modeling lifetime phenomena, which has a J-shaped density function with a bathtub-shaped hazard function [15] .
In this article is proposed a new Topp-Leone generated family distribution where the parent distribution is the EPL distribution. Sub-models of the proposed distribution are studied. Some statistical characteristics of the distributions are investigated. The maximum likelihood estimation (MLE) is used to estimate the parameters of each distribution. Some real data sets are presented in order to illustrate that the data fits by using the proposed distribution.
with the following definition of a random variable 12 [ , ], T c c 
12
, cc      and a random variable X with cdf ( ).
Gx Let W[ ( )]
Gx be a function of () Gx and satisfy these conditions: a)
Gx is differentiable and monotonically non-decreasing, and c)
x  Let T be a random variable of a generator distribution with pdf () rt defined as 12 [ , ] . cc Let X be a continuous random variable with cdf ( ). Gx Thus, the cdf and pdf of a new family of distributions are given, respectively, as,
If a random variable T is distributed as the TL and bounded on [0,1]. Let X be a continuous random variable with the TL-G distribution. The cdf can written as,
where 0   is a shape parameter. The associated pdf is,
where ( ) ( ) . g x dG x dx  In addition, a TL random variable with finite support has the same bounds as the cdf () Gx of any other random variable. Therefore, the relation of a random variable X having the TL distribution is
where
be the quantile function of a parent distribution, by which can be simulated the TL-G random variate from The moment of the TL-G distribution can be computed from the probability weighted moments order ( , sr) of the parent distribution. Let () Gx be the cdf of the parent distribution, then the ( , ) s r th probability weighted moment of X (see [12, 14] ) will be,
The moment of the TL-G distribution is,
A Topp-Leone generator of exponentiated power Lindley distribution
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A new TL-G distribution
In this section, we introduce a new distribution, which is called the Topp-Leone exponential power Lindley (TL-EPL) distribution.
The TL-EPL distribution
From the cdf in (6) and pdf in (7) of the TL-G distribution, let () gx and () Gx be the pdf and cdf of the EPL distribution (see, [2, 16] 
We define the hazard function of the TL-EPL distribution as follows, 
The quantile function of the TL-EPL distribution is obtained by substituting (3) for (8), i.e.,
where u is distributed as the uniform on the interval (0,1), and
is the Lambert W function [3] . From the moment of the TL-G distribution in (9) and the quantile function of the EPL distribution in (3), we obtain the mean and variance of , X i.e., respectively, 
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The pdf of the TL-EPL distribution is unimodal. It increases or decreases for various values of the parameters giving the shapes obtained in Figure 2(a) . In Figure 1(b) , for values of 1   and 1   the pdf seems almost symmetric.
Sub-models
The EPL distribution with three parameters ,  ,  and  has three sub-models (see [2, 16] ). Thus, the TL-EPL distribution has three sub-models, which are presented as follows.  The TL-L distribution has the cdf and pdf in (17) and (18) 
The Topp-Leone power Lindley distribution
1 2 1 2 2 2 TL-PL 2 ( ) (1 ) (1 ) 1 (1 ) e e . 1 1 1 xx xx f x x x                             (14)(13)
The Topp-Leone generalized Lindley distribution
                               (15) 1 2 TL-GL 2 ( )(1 )                                       (16)
The Topp-Leone Lindley distribution
                         (18)
Maximum likelihood estimation
In this section, we describe the MLE procedure to obtain the estimated value of the parameters of the TL-EPL based on the random sample 
given by,
( 1) log log 1 ,
A Topp-Leone generator of exponentiated power Lindley distribution
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The expression of these differential equations in (19) - (23) are not in the closed form. In this study, the parameter estimates of ˆ, ,    and ˆ,  can be obtained by using the numerical optimization with the nlm function in the R language [13] , which R code for the MLE of the TL-EPL distribution are as follows:
#The TL exponentiated power Lindley (TL-EPL) distribution x <-c(...,…,…) logL_TL_EPL <-function(theta0,x) { beta <-(theta0 [1] ) lambda <-(theta0 [2] ) omega <-(theta0 [3] ) alpha <-(theta0 [4] ) G <-(1-(1+(beta*x^lambda)/(beta+1))*exp(-beta*x^lambda))^omega g1 <-((lambda*beta^2*omega)/(beta+1))*(1+x^lambda) *(x^(lambda-1))*exp(-beta*x^lambda) g2 <-(1-(1+(beta*x^lambda)/(beta+1)) *exp(-beta*x^lambda))^(omega-1) g <-g1*g2 logL <--log(2*alpha)-log(g)-log(1-G)-(alpha-1)*log(G)-(alpha-1) *log(2-G) return(sum(logL)) } theta0 <-c(...,...,...,...) Est<-nlm(logL_TL_EPL,theta0,x)
Application study
In this section we provide a data analysis in order to assess the goodness-of-fit of the TL-EPL model with two real data sets. In addition, the sub-models of the TL-EPL distribution (i.e., TL-PL, TL-GL, and TL-L distributions), and the EPL distribution and its sub-models (e.g., PL, GL, L distribution) are considered. The parameter (s) of each distribution are estimated by the MLE method. To verify which distribution fits better with real data sets, the Komogorov-Smirnov test (KS test) will be employed. Other criteria including the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) are considered, i.e., AIC   
where n is the sample size and p is the number of parameters of each distribution.
The first dataset consists of 20 observations with the respect to maximum flood level data to see how the new model works in practice. The data has been obtained from Dumonceaux and Antle (see [2, 4] ), as shown in Table 1. For the  results of Table 2 , the KS test indicates that the TL-EPL distribution is a strong competitor compared to other distributions. For a second application, we analyze a real data set on the active repair times (h) for an airborne communication transceiver. The data is given in Table 3 , and its source is Jorgensen (see [2, 8] ). For the KS test in Table 4 , the TL-EPL distribution is the best distribution corresponding to a high p-value of the KS test. 
Conclusion
The Topp-Leone Exponentiated Power Lindley (TL-EPL) distribution is proposed, which has the Topp-Leone Power Lindley, Topp-Leone Generalized Lindley, and Topp-Leone Lindley, are sub-model. Some statistical characteristics of the distributions are investigated. The maximum likelihood estimation is used to estimate the parameters of each distribution. We provide a data analysis in order to assess the goodness-of-fit of the TL-EPL model with two real data sets.
The results of KS test indicates that the TL-EPL distribution is a strong competitor compared to other distributions (i.e., TL-PL, TL-GL, TL-L, PL, GL, and L distributions).
